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Abstract: This paper is concerned with diagnostic methods for gears and bearings, the
goals of which are to detect incipient structural and metallurgical faults, characterize their
nature and severity, and isolate them to particular components. Such information is invalu-
able for prognostic purposes. The methodology presented herein focuses on the analysis of
vibration signals induced by gears and bearings and, specifically, on a means of extracting
from such vibration patterns amplitude and phase modulation signals. Such modulation
terms, we conjecture, are simple indicators of the severity of a particular type of localized
component defect. We show that such amplitude and phase modulation information can be
extracted using a neural network computational methodology that relies on nothing more
than knowledge of the bearing geometry and the frequency tones at which a given type of
defect will manifest itself. We present numerical simulation examples and show that the
technique requires extremely few o priori assumptions.
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Introduction: The topics addressed herein pertain to the general problem of machinery
prognostics, i.e., estimating the remaining useful life of machinery components based on
knowledge of their present condition and assumptions about future usage. The ability
to diagnose particular machine components and understand the implications of diagnostic
information vis-a-vis future usage of the machine is of immense practical importance in
industrial, commercial, and military applications. Component failures contribute to the
majority of machine operation safety incidents and are responsible for a substantial fraction
of the on-going maintenance costs accruing to machinery usage. This underscores the
need for condition-based maintenance (CBM), wherein knowledge regarding the condition
of machinery, rather than fixed time intervals, is used to schedule maintenance, thus averting
unnecessary inspections.

The quality of the diagnostic information acquired (i.e., fault detection, type and sever-
ity characterization, and component isolation) plays a paramount role in determining the
efficacy of prognostication. Use of inaccurate diagnostic information in, say, a prognostic
decisional algorithm driving a CBM policy for a fleet of helicopters may result in ill-fated
missions. Prompt and accurate detection of structural and metallurgical faults in machinery
components (e.g., gears and bearings) is an important category of such diagnostic informa-
tion that is our focus herein. Almost all physical techniques for detecting the onset of
such defects, e.g., fatigue cracks or surface spalling, involve the measurement of abnormal
vibration signals transmitted through structural media due to the presence of the defect.
Vibration sensors (e.g., accelerometers) may be used to measure these signals.

Sensitive spectral analysis and astute signal processing of such sensor data is critical, chiefly
because in practical machinery operational scenarios, there are an enormous number of vi-
brations that interfere with one another and result in an observed signal that appears
bewildering and uninformative. The main problem is therefore one of discovering the nee-
dle (i.e., spectral content that provides useful and pertinent information about an incipient
fault) in the haystack (i.e., the raw vibration signal). A number of sophisticated techniques



have been proposed specifically for treating this very problem, including bispectral analysis
[14], envelope spectral analysis [8], statistical moment analysis [9], time-frequency/time-
scale analysis [2, 4], signal averaging [6], and signal template-based demodulation [7|. The
latter approach is the one explored herein. In particular, the approach involves decomposing
the vibration signal from a complex system, such as a gearbox, into amplitude modulation
and phase modulation signals. The presence of such may be justified on physical grounds
since amplitude and phase modulation arise, respectively, from radial and tangential forces
exerted during impact between a defective region of one surface and the surface of another
contacting member [11]. To present our signal demodulation approach for gears and bear-
ings, we first work through its application to a gear problem. The method is then extended
to the more complicated problem of bearing vibrations. The basic methodology and key
assumptions of the proposed signal-processing approach are discussed. The computational
complexity of the method is addressed, and a means of carrying out the computational
tasks using neural network methods is presented.

Joint Amplitude/Phase Demodulation of Gear Vibrations: Consider a defect-free
gear. Under normal, constant-load operation, the vibration signal, y(t), emitted by the gear
is periodic in the gear-mesh frequency, f,., viz.,

y(t) = Y ypetNemt (1a)

in which w,, = 27f,, and N is the number of teeth. The existence of vibrations in a
defect-free gear reflects the facts that the structural materials are not infinitely rigid and
that the transmission force varies slightly with the angular displacement of the teeth in
contact with the load rack. It is highly advantageous, as a number of authors [6, 7] have
pointed out, to work with the angular displacement, 6, of the gear rather than time, ¢, as
the independent variable. This compensates for variations in the rotational velocity, df/dt,
of the gear and facilitates averaging the signal over many gear revolutions to improve the
signal-to-noise ratio. We thus recast Eq. 1a as

y(0) = i yre*NO (1b)

k=—00

which indicates that under normal loading conditions, a defect-free gear exhibits a vibration
signal of angular period 27 /N, since there are N gear-mesh events per gear revolution.

In the presence of a localized structural or metallurgical defect, a perturbed vibration signal
is observed. The signal exhibits both amplitude and phase modulation and may be modeled
[7] in the mathematical form

YO = AWD): > X NP0 @)

k=—o0

in which A(f) and B(#) both have period 27. In the limiting case of an incipient fault,
the perturbed signal should be only infinitesimally different from the unperturbed signal in
Eq. 1b, which implies that A(6) — 1 and B(#) — 0 in the incipient fault limit. As a defect
develops progressively over the life of a particular gear, A(f) and B(f) may be expected
to grow slowly, but the Xj’s will remain constant (i.e., the Xj’s are independent of defect
severity). It thus follows that for a defect-free gear,

O = 3 Xpelth? 3)

k=—o00

as in Eq. 1b. If the vibration signature of a gear element is measured early in life before
the onset of degradation effects, the Xj’s can be computed directly via a discrete Fourier



transform (DFT). Retained knowledge of these X}, values facilitates simultaneous amplitude
and phase demodulation of the perturbed signal in Eq. 2.

As a result of a localized tooth defect, however small, the measured vibration signal, y(6)
now has angular period 27 rather than 27 /N, since the defective tooth makes contact with
the load once per gear revolution. Moreover, even in the case of multiple tooth defects, y(6)
has angular period 27. The prefactor, A(6), represents an amplitude modulation and may
be expanded as a discrete-tone Fourier series, viz.,

A(9) = i Ape*? (4)

k=—o00

Since the amplitude and phase modulation effects need not necessarily be the same at the
various tooth-mesh harmonics, A(f) is not necessarily equal to the amplitude of y(0) that
one would obtain from computation of the Hilbert transform. The expression

U(@): Z Xkeik[NG—‘rB(Q)] (5)

k=—o0

that accompanies A(f) in Eq. 2 also has angular period 27 and may be expanded as a
Fourier series, viz.,

v(f) = i Vet (6)

rT=—00

Note that v(€) is of the same phase as y(#). This important result follows from a theorem
[1, 10] that states that if f(¢) is a low-frequency signal and g(t) is a high-frequency signal
lying completely above f(t) in the frequency domain with no overlap, then the Hilbert
transform of the product signal decomposes as

H{f(t)g)] = f(t) Hlg(t)] (7)

where the operator H denotes the Hilbert transform. It follows that if f(¢) (corresponding
to A(#)) is in the form a real-valued signal and ¢(t) (corresponding to v(#)) is in the form of
an analytic signal (viz., of the form s(¢) 4+ H[s(t)]) then the instantaneous phase of f(¢)g(t)
is identically equal to that of g(¢). Note that A(6), for an incipient defect, is a narrowband
signal centered at frequency zero, whereas the terms in the expression for v(6) (Eq. 5) are
narrowband signals centered at frequency kN (in which Xy can be set to zero without loss
of generality).

Since the phase of v(#) is equal to that of y(6), which is an observable signal, it follows
that, given the X}’s, we have sufficient information to compute B(6) uniquely. The solution
procedure begins with the phase modulation, B(6), which, like A(#), is of angular period
21, viz.,

B(0) =) _ Bysin(qf — ) (8)

q=1
where the By’s are real-valued. B(6) appears in the expression for v(6) in Eq. 5 in a factor
of the form ,
Wi, (6) = ¢ BO) (9)

which, as a periodic function of angular period 27, may be expressed as a Fourier series
Wi(0) = > My(k,B,B)e" (10)

in which Mj,(k, B, 3) may be computed simply by taking the DFT of Wj. The Fourier
coefficients depend not only on the Fourier index, A, but also the Fourier amplitudes and



phases (collectively denoted as B and (3 respectively) of B(f) and the gear-mesh harmonic
index, k. Note that in the incipient fault limit, B(6) ~ 0, from which it follows that
Mh(kvﬁag) ~ 6]1,0'

Having hypothesized the functional form of B(f), i.e., B and 3, the My (k, B, 3)’s can be
computed, and we obtain an expression relating it and the X’s to the V,.’s, viz.,

Z Wei’r@ — Z Z Xk:Mh(k7E7g) ei(kN+h)9 ) (11)
r=—00 k=—00 h=—00
The V,’s are thus computable as
Vi= Y XiM,_in(s,B,0). (12)
k=—o00

Having computed all of the V,.’s, we can thus reconstruct the partial signal ©(6), which is
analytic and therefore has a well-defined instantaneous phase, which we denote as ¢,(6).
The caret denotes an estimate in that we have surmised B(f), and the results reflect the
accuracy of this approximation or educated guess. To judge whether the surmised B() is
accurate, the estimated phase, ¢,(0) is required to match the actual phase, ¢,(#), which
can be inferred directly from the observed vibration signal, y(f). The degree to which
the instantaneous phases over the angular interval (0,27) coincide reflects the accuracy of
the hypothesized phase modulation signal, B(#). The discrepancy, as a functional of the
function B(f), may be quantified by way of the squared error over (0,2m), viz.,

181 = [ [6u0) — 0,0)]" a0 (13)

To determine B(f) requires a search algorithm to find optimal values for B and 3. Since
B and §8 both are infinite sets, however, it is feasible to proceed by approximating B and
B as finite Fourier series and gradually including additional harmonics in more refined
approximations. We later show, following the succeeding discussion on the extension of the
methodology to bearings, how this numerical procedure can be implemented using neural
network algorithms to enhance computational speed while retaining excellent accuracy.

As in [7], the amplitude signal, A(6), may then be computed at the very end of the entire
procedure as y(0)/v(0), once the optimal B(6) functional form has been found and v(#) has
been computed.

Joint Amplitude/Phase Demodulation of Bearing Vibrations: In a defect-free
roller bearing under constant loading conditions, the vibration signal, y(¢), assumes the
same form as in the gear problem, viz.,

O = 3y (14)
k=—0c0

where N is the number of balls and # is the angular displacement of the cage. The perturbed
signal that arises in the presence of a localized structural defect also assumes the form

y(e) :A(Q) . Z Xkeik[NH—l-B(@)} (15)
k=—0oc0

as in Eq. 2. Unlike in the gear problem, however, A(f) and B(f) have more complicated
frequency-domain properties. They are both biperiodic with angular periods 27y, and 27,



where

'Yq = fcage /fload»pass ( 1 63)
’Yd — fcage /fdefect . (16b)

The biperiodic form is due to the physical circumstance that the perturbative excitation
force, e(t), resulting from contact between a surface defect and other members of the bearing
assembly, is the product of an impact amplification function, ¢(t), and an impact event
function, d(¢) [8]. The latter function is a train of impulses that indicate the instants
at which the defective surface region contacts other members. The spacing between the
impulses is determined by the frequency, fi.ee, characteristic of the particular type of
defect. The three most common examples are

1 r :
fepin = §N funate (1 + j— cos a) for an inner-race defect; (17a)
P
1 d,
fepor = §N fevare [ 1 — J cosa for an outer-race defect;  (17b)
P
1 dy 2 :
frotter spin = =fenare | = | | 1 — =5 cos”™ a for a rolling-element defect, (17c)
2 d, &2

where d, is the diameter of the rolling elements, d, is the pitch diameter, and « is the
contact angle. The cage frequency, fe..., is equal to fepor/N (assuming that the outer race
is stationary and the inner race is rotating at the shaft frequency) and is analogous to the
gear-mesh frequency in the gear problem.

The impact amplification function, ¢(t), reflects the fact that an impact event involving a
rolling element in the load zone is more consequential than an impact involving an unloaded
rolling element. ¢(¢) is therefore periodic at the frequency fi,.apass; Which is the frequency
at which the defective surface passes through the load zone, viz.,

fioadpass = fonatt for an inner-race defect; (18a)
fioadpass = 0 for an outer-race defect; (18b)
fioadpass =  Jfeage for a rolling-element defect. (18c¢)

All of the various frequencies in the above equations may be expressed as products of the
cage frequency times a factor that depends solely on the bearing geometry. Hence, 7, and
~q4 are independent of variations in the shaft rotational speed.

The periodicity of A(f) and B(#) depends strongly on the type of defect. For an outer-race
defect, 7, — 00 and Vg = feage/ foror = 1/N. An outer-race defect is therefore equivalent
dynamically to a gear defect, as treated in the preceding section. For a rolling-element
defeCta ’Yq = 17 bUt Yd = fcage/froller spin* The frequency ratio fcage/froller spin is equal to

—1
cage d d
fig: 1+ ="cosa (19)
froller spin dp dp
which is generally an irrational number. For an inner-race defect, 74 and 7, are both
irrational. The presence of multiple frequencies and the irrationality of one or both ~+’s

makes the mathematics of gear and bearing problems significantly different. If there are
multiple faults of different types, three or more ~’s may arise.

To demonstrate the demodulation procedure for a bearing, we focus on the special case of
an inner-race defect, wherein the vibration signal assumes a triperiodic Fourier series form,

Viz.
y(0) = Z Z Z Yk,d,qei[kN+7dd+’thI]9 (20)

k=—00 d=—00q=—00



with Yy a4 — Y%,0,004,00g,0 in the incipient fault limit. Similarly, v(#) becomes
o0 oo (o]
Z Z Z V;dqei[f‘ﬂdd-wqu. (21)
r=—00 d=—00 q=—00

The amplitude function becomes

— Z Adg et (vad+799)0 (22)
dyq

as in Eq. 4, and the phase modulation function becomes

=Y Byasin[(yad +749)0 — Bg.dl - (23)
d=1g=1
Wi (0) becomes
Z Z My, (k, B, ) e i(vaha+vqhq)0 (24)

hg=—00 hg=—00

with
Mhd,hq (kvﬁa é) = 6hd,06hq,0 (25)

in the incipient fault limit. The Mj,, p, (k, B, 3)’s can be computed via a DFT, as in the

gear case. However, since Wy (0) is no longer periodic over the interval (0, 27), the DFT is
somewhat less clean numerically. This means that either a very large Fourier window must
be used or that M, hq(k B, 3) may have to be computed analytically by appealing to a
Bessel function expansion of Wy (6). This is done by substituting Eq. 23 into Eq. 9, which
yields

Wk(Q) _ H H szdqsm (vad+v49)0—Bq, d] (26&)
— H H Z J k,qu —ikBg,q sin Bq,q . eis(wd—mqq)o (26b)

1g=1s=—0o0

in which the mathematical identity

z:v sin 0 _ Z J 159 (27)
S$=—00

was invoked. It follows from inspection of Eq. 26 that the Fourier coefficients are

My, (k, B, ) = Z Js(kBy,y) e *BaasinBaag ,, 8., (28)

in which the summation is over all common factors, s, that divide both hg and h,.

Having computed My, 1, (k, B, 3), the X}’s can be computed by comparing the left- and
right-hand sides of

Z Vyd,q €74 +7000 — Z Xy Mp, 1, (K, B, 8) i (kN +vaha+74he)0 (29)
rd,q kd,q a



Since the ~’s are irrational, it follows that the only combinations of indices that enable the
exponential factors to agree are in pairs of corresponding terms on the two sides of Eq. 29,
such that » = kN, d = hq, and ¢ = hy. It follows that the Xj’s can be computed readily
from the relation

Vidg = XiMaq(k, B, 3) (30)

which, unlike in the gear case, becomes exact owing to the irrationality of the ~’s. This
result actually makes the irrationality of v helpful, not a hinderance, since it simplifies the
computational burden. For the gear problem, this simplification is also valid if IV is large,
in which case N is “almost irrational” in the sense that if it is written as p/q, where p and
q are integers, p or ¢ must be large.

The instantaneous phases of y(f) and v(0), as in the gear application, are required to be
equal, and a search algorithm must be used, as before. Once an optimal functional form
for B(0) is found, the amplitude, A(f), is computed at the very end.

Amplitude/Phase Demodulation Neural Network: Numerical solution of the vi-
bration amplitude and phase demodulation problem can be realized by means of neural
networks, as described herein. GNOSIS (Generalized Networks for Optimal Synthesis of In-
formation Systems) [5, 12, 13] is a software package developed by Barron Associates, Inc.,
for synthesis and implementation of a wide variety of artificial neural network paradigms
that employ various alternative types of basis functions. Specifically, a GNOSIS network
can be designed to automate the algorithmic computation procedure of the flowchart in
Fig. 1, which involves a search algorithm.

Start

B(E)

p

Compute g, (6
Revise B(6) oupute dy )

in accordance
writh search
algorithm

i

Compute J[E]

!

Stop

Figure 1: Search Algorithm Procedure Realized Via GNOSIS

The GNOSIS network estimates the function quSv over the angular range 0 < 6§ < 27w by
optimizing the phase modulation, B(f), in such a way that the objective function

7B = [ [0u6) ~ 0u0)]” a6 (31)

is minimized globally. Several numerical simulation tests were performed to construct GNO-
SIS algorithms to implement the flowchart algorithm in Fig. 1.

Several synthetic vibration signals of the form

K
y(0) = A(e)-Re{Z Xkeikwew(en}

k=1



K
= A(9)- Z {(Re X) cos(k[NO + B(0)]) — (Im X) sin(k[NO + B(0)])} (32)
k=1
were generated for a gear with NV = 10 teeth. K denotes the maximum number of gear-mesh

harmonic terms included in the simulated signal. Synthetic A(f) and B(f) functions were
computed as

S
=

Il
M~

[(Re Ap) cos pf — (Im A,) sin pf ] (33a)

s
I
o

=
=

1
Mo

[(Re By) cos ¢f — (Im By) sin ¢0 ] (33Db)

<
Il
—

where P and @ denote the maximum number of terms in A(f) and B(6) respectively.

The analytic continuation, y,(6), of the observed signal, y(0) was computed via the Hilbert

transform, viz.
va(0) = y(0) +i Hly(6)] = |y(6)] &), (34)

However, instead of computing the ¢, () directly, the GNOSIS networks were designed to
model the real and imaginary parts of the normalized signal, viz.,

cos ¢y (0) = y(0)/]y(0)] (35a)

sin ¢y(0) = H[y(0)]/]y(0)|. (35D)
The normalized signals, unlike ¢, (8) itself, are continuous functions of @, which facilitates
the GNOSIS computations.

A feedforward network structure suitable for modeling the normalized signals can be realized
using polynomial basis functions with trigonometric and linear post-transformations. A
block diagram of the basic network structure is depicted in Fig. 2.

‘ Bqcos By sinB-Eysinpq cos@
L]
: >
sit fi
2 2 ‘BQECSEQ si.nB—BQsi.nﬁQcUsB

B(8)

Re ¥y cos (NB4B(E) - n Xy sin (NarB(E) -

Im ¥y I Xy cos (MEHB(R)) + Re X4 sin (MNe+B(E) e

zk e cos ¢85

L\
Re Xy eos K(ME+B(E) - Im Xy sin K(NB+B(E) -

I X Im Xyroos K(MNB+E(E)) + Re Xy sin K(NS+E(8)) e

zk - 51 (8]

Figure 2: GNOSIS Network for Vibration Demodulation

The neural network algorithm for modeling the vibration signal assumed the structural
form of a phase-modulated v(f) signal; the Levenberg-Marquardt algorithm [12, 13] within
GNOSIS was used to fit coefficients to the training signal. This approach is very efficient
computationally. The versatility of GNOSIS, with respect to implementing alternative



types of basis functions and structuring networks in innovative ways pursuant to the needs
of specialized applications, provides a strong incentive for adopting the neural network
paradigm for the present application.

A network was trained on the signal y(0) with the angular interval (0, 27) discretized into
211 = 2048 sample points. Between ten and twenty iterations were required for convergence
of the computed B(0). Fig. 3 provides a comparison of the actual and GNOSIS-computed
B(#) signals for a particular sample problem with K = 6, P = 4 and Q@ = 7. In the
figure, the computed B(6) is sufficiently accurate that it is visually indistinguishable from
the actual signal at the scale shown.

Aetual and GHOSTS-Computed £i9) Signals Aetual and GHOSTS-Computed B if) Signads

afm afm

Figure 3: A(0) (left) and B(#) (right) Signals

Note that the Xj’s are included in the network structure simply as additional degrees of
freedom independent of the parameters defining B(#). Very significantly, it was found that
no a priori knowledge of their values was necessary. This implies that diagnostic knowledge
from the early life of the gear element, as previously discussed, is actually not necessary
after all!

A second major assumption that was made in the introductory discussion was that the A(#)
and B(0) signals must both be sufficiently narrowband to the extent that the conditions of
Eq. 7 are satisfied. Specifically, this requires that the bandwidths satisfy the inequality

Ba+ (6B +1)Bg < fum (36)

where B denotes bandwidth and §B is the peak absolute value of B(#), i.e., the maximum
phase deviation introduced by B(6). Eq. 36 follows from Carson’s rule [3] and the fact
that v1(0) contains the lowest frequency components of v(f). It is important to note that
in the case of B(6), Eq. 36 not only imposes a bandwidth restriction, but also a magnitude
restriction.

Fig. 4 displays the spectrum of v(#) for the particular test case in Fig. 3. The spectrum
contains significant modulation spreading into the baseband region occupied by A(6), in
violation of the conditions of Eq. 36. However, as exemplified by the good accuracy in Fig. 3,
the assumption of narrowband A(f) and B(#) can also be lifted! Once v(€) is computed,
A(0) can be obtained from A(6) = y(0)/v(#). The left plot in Fig. 3 displays the actual
(solid) and computed (dashed) A(f) signals; the visible discrepancy is attributable to the
failure of Eq. 7 to hold in the present case. The phase of the v(#) signal computed in this first
pass, however, can be used to apply the algorithm in a second pass to obtain incrementally
better B(6), X;’s, and A(f). The process can be repeated until a self-consistent A(#) is
obtained. Alternatively, the computed A(f) can be low-pass filtered to obtain a better
approximation.
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Figure 4: Fourier Spectrum of y(f) Signal

Conclusion: We have presented a diagnostic neural network algorithm for decomposing
gear and bearing vibration signals into amplitude and phase modulation components. Sur-
prisingly few a priori assumptions are necessary with the approach.
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